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T MEASURE OF CARTESIAN PRODUCT SETS. 1I
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LAWRENCE R. ERNST(!)

ABSTRACT. It is proven that there exists a subset 4 of Euclidean 2-
space such that the 2-dimensional T measure of the Cartesian product of an in-
terval of unit length and A is less than the 1-dimensional T measure of 4. In a
previous paper it was shown that there exists a subset of Euclidean 2-space such
that the reverse inequality holds. T measure is the first measure of its type for
which it has been shown that both of these relations are possible.

1. Introduction. There are many 1-dimensional measures and 2-dimension-
al measures over Euclidean n-space, R”, which generalize the concept of length
and area respectively. These measures were studied extensively by H. Federer
[6]. One question concerning them is whether for any of these measures there
exists in R3 both product sets for which area exceeds the product of (finite)
length by (finite) length and other product sets for which the opposite is true.
This question had until now not been answered. In fact, although examples were
constructed showing for Hausdorff measure that area may be greater than the
product of length by length [1], [7] and for Carathéodory measure that area
may be less than the product of length by length [8], it was also proven that for
both of these measures the respective reverse relations cannot hold [5], [9].

The main purpose of this paper is to provide an answer by means of T
measure, which we do by constructing a subset 4 of R? that we prove satisfies
the relation T2([0, 1] x A) < T!(4) (Theorem 5.1). Previously the author [4]
gave an example for which the opposite inequality holds.

As a corollary to our principal result we obtain that the 2-dimensional
Carathéodory measure of [0, 1] x A is less than the 1-dimensional Carathéodory
measure of 4 (Corollary 5.2). We also deduce that the 2-dimensional T measure
of [0, 1] x A is less than its 2-dimensional Hausdorff measure (Corollary 5.3),
thus showing that these two measures are distinct. Both of these corollaries are
new proofs of previously known results. The former, as mentioned above, was
first proven by G. Freilich [8], while the latter was first obtained by the author [3].
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2. Preliminaries. In general we adopt the notation and terminology of [6].
Presented in this section are some additional definitions that we use.

Define r,(x, y) = x and r,(x, y) = y forx, y €R.

Fora, b €R let [g, b] = {x: a <x < b}.

For g# S CR" let

t*(S) = diam S
and

t2(S) = (n/4)sup{l(@; = b,) A (a, — by)l: @y, by, a,, b, ES}.

These are the gauge functions used in defining T! and T? respectively [6, 2.10.3].
The following series of definitions culminate in the definition of the set A
referred to in the introduction. First for =S CR?,a, b €R let

®(S, a, b) = [inf r,(S) + a diam r(S), inf r,(S) + (a + 10~24) diam r,(8)]
x [inf r,(S) + b diam r,(S), inf r,(S) + (b + 1072%)diam r,(S)].
Next let ['= {.5(1 — 10711), .5(1 + 10~ ') - 10724}, Then inductively de-
fine the four sequences Fy, Fy, F,,..., G,, G,, G3,...,H), H), H3, .. .,
K,, K,, K5, ... by taking Fy = [-.5, .5] x [-.5, .5] and, for j > 1, letting
G; = (@[S, 2G - 1)10*4, k]: SEF;_,,i=1,2,...,24975 - 10*3,k €T},
H; = {®[S, .5005 + 2i - 1)107%4, k]: SE F;_,,
i=1,2,...,24975-10%3, k €T},
K;= {®[S, k, .5+ 2( - 1)I022]: sEF;_,,
i=1,2,...,5-102% ker},
Fj=G;UH; VUK,
Finally let A = (1 UF; and abbreviate [0, 1] x 4 by E.
3. The 1-dimensional T measure of A4.

3.1. LEMMA. IfD C A, diam D > 0 and k = sup{i: D C S for some S €
F;} + 1, then

t'(D) > [card(F, N {S: S N D # @})] 10~24k,
PROOF. Let ¢ denote the center of the element of F x—1 containing D,
B = {102**~1(x - ¢): x €D} and n = card(F, N {S: S N B # &}). Then

clearly t'(B) = 1024*=1 (D), n = card(F, N {S: S N D # &}). Consequent-
ly, to obtain our conclusion it suffices to prove that

Q) t'(B) > n10-24,
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To deduce (1) we first let X, =G, N {S: SNB#B}, X, =H, N {S:
SNB#g},X;=K, N{S:SNB+#Z}, m =card r,(X,), my = card r,(X,),
my = card r,(X;), and x; = card X; fori =1, 2, 3. We then divide the proof
of (1) into eight cases.

Casel. X, =X, =% and n > 3. It follows from the definition of K; and

the inequality 2my 2> n that
t'(B) = t'[r,(B)] > 2(m, — 1)10722 - 10724 > n10—24,
Case ll. X, =X, =@ and n=2. LetS, T denote the two elements of
X;3. Then
t'(B) = dist(S, T) =2 - 10722 - 10724 > p10~24,

Case lll. X, # &, X, # & and 2(m; + m, — 1) = x, + x,. We deduce
from the definitions of G,, H, and the inequalities 2(m, + m, — 1) = x, + x,,
x; +x, >n-10?! that

t'(B) = ' [r,(B)] = 2(m; + my — 1)1072% + 1073 > n10~24,
Case IV. X, #8,X, # Zand 2m; + 2m, — 1 < x; +x,. There then
exist S € X, T € X, such that
dist[r, (S), r,(1)] = 2(m, + m, — 1)10724 + 10-3,
dist[r,(S), r,(D] = 10711 =2 . 10724,

Combining the former relation with the inequalities 2m; > x,, 2m, > x,, x, +
x, =n— 102! and n < 10?4, we then find that

(dist[ry(S), r,(1)])? = [(n — 2)10724]2 > (n? - 4n)10~48
>n%10"48 —4.10724,
Consequently
t1(B) > dist(S, T) = [(dist[r,(S), r, (T)])* + (dist [r,05), r,(D1)*1%
>nl10-2%4,

4 Case V. X, = X; =g and 2m; — 3 2 n. We deduce from the definition
of G, that

t'(B) > ' [r,(B)] > (2m, - 3)10724 > 11024,
Case VI. X, =Xy=gand 2m; -2 <n. Let
C={{Y,Z}: Y, ZE€EX,,Y+#Z and r(Y)=r,(2)}.

Noting that
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ardC=n-m; 2n—[@n+2)2] = (n-2)/2,

we then use this relation, the definition of G, and the inequality n < 102 to
find that there exist S, T € UC satisfying

(dist[r, (), r,(D])? = [(2 card C - 3)10724]2 > (n - 5)210748
> (n? - 10n)10~48 > 210748 - 10723,
dist[r,(S), r,(T)] = 10711 — 2. 10724,

Consequently t!(B) = dist(S, T) = n10~24,
Case VII. X, # @&, X, = @ and X3 # . It follows from the definition of
G, and the inequality 2m, = x, that there exists § € X, satisfying

dist[r, (5), 0] = (2m, —1)1072% + 5.1074
>(x, - DI0"2%4 +5.107%,

Similarly from the definition of K; and the inequality 2m4 2> x it follows that
there exists T € X, satisfying

@

3) dist[r,(T), 0] = 2(m5 — 1)10722 > (x, — 2)10722,
From (2) we obtain
@) dist[r,(S), r;(D] > dist[r,(5), 0] —10711/2 > x,1072% + 4 . 1074,

Since (1) immediately follows from (4) otherwise, we may assume that x; <n —
4-10%° Thenx; =n—x; =>4 -102°, which we combine with (3) to deduce

®) dist [r,(S), r,(7)] = dist[r,(T), 0] —10~11/2 >39 . 1072
We next use the inequalities (4), x; =n - 10%! and n < 10?4 to obtain
(dist[r, (S), ry(T)])? > [(n — 1021)1072% + 4 . 1074]?
6 = (n1072% - 6 - 10~%)? > n%10748 - 12110728
>n?10"48 - 12.1074.
Finally (5) and (6) yield ¢!(B) = dist(S, T) = n10~24.

Case VIII. X, = & and X, ¥ &. Because of the symmetry between G,
and H,, it immediately follows from Cases V, VI and VII that £!(8) > n10~2%.

3.2. THEOREM. T'(4) > 1.

ProoF. Consider any countable covering of 4 consisting of nonempty sub-
sets of A that are open in 4, and let W be a finite subcover. For T € W define
§(T) = sup{i: T C S for some S € F;} + 1 and let z = sup{{(7): T € W}. Then
clearly for each T € W we have
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[card(Fy 7y N {S: § 0 T # g})]107245(D
> [card(F, N {S: S N T # g})]107247,

which we combine with Lemma 3.1 to obtain

Y A= Y [card(F, N {S: 5N T+g})] 107242,
TEW TEW

Furthermore, since W covers 4, and S N 4 # & for any S € F,, it follows that

Y card(F, N {S: S N T+ &}) > 10242,
TEW

The last two results yield Ty, ¢! (T) > 1; hence T'(4) > 1.

4. The 2-dimensional T measure of E.
4.1. DEFINITIONS. Define

P&, 0,2)=x, px, (1 2) =y, p3lx, (2 =2 qlx (0, 2) =0 2)
for (x, (v, z)) ER x R2.
Fori=1,2,...,(10%% - 10%1)/4 let
R, = {SNA: S€G, UH, and diam[r,(S) U {0}] = 2i1072% + 5. 1074},
A = [1 - (4i10724 + 10 3)2]%,
Then for h > 0 define
(1024_1021)4

M) = U [{x: —5A(h < x < SA@} x UR,.]

i=1

U ({x: -5h <x < .5h} x [(UK,) nA]).

42. LEMMA. If h > 0 then T2 [M(h)] = (n/4)(1 + 2 - 10~ )T (E).

Proor. Since card R; = 4 for each i, it follows that
T2 [{x: —S\Dh < x < SN} x UR,.] = A4 - 10-24T2(E),

which then yields

72 (q—l[u(cl U Hl)] n M(h))

(1024-1021)a
= 3 A4 - 107 24hT2(E).

i=1
Next we deduce from the definition of the Riemann integral that

™)

(102410214 1
A@)4 - 10724 > _[ (1 - x2)* dx,
10-3

i=0
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which we combine with (7) to obtain

T2<q‘l[U(Gl U Hl)] N M(h))

®) > [ f

A-x*>%dx-4. 10"24]hT2(E)
10—3
> (n/4 - 9.9999984 - 10~ T2(E).

Furthermore, since card K; = 102! we have
) T2 [q"'(UKl) nM(h)] = 10731 T2(E).

Finally, to complete the proof we combine (8) and (9).
43. LEMMA. If h > 10° then t?[M(h)] < (n/4)(1 + 4 - 10~ 1 1A,

PrOOF. Let
C= {(x, O, 0): (x,, 2)) € q-l[u(cl UH, )] N M(h) for some z € R},
D= {(x, ©,2): (x,(», 2)) € q‘l(UKl) N M(h) for some y € R}.

ForS, TCR xR? defineS—-T= {a—b:a€ES, b € T}. We note that if

a € M(h) then there exists b € C U D for which |a — b| < 10711/2. Consequent-
ly, corresponding to any u,, u, € M(h) — M(h) there exist v,, v, € (CU D) -

(C VU D) satisfying lu; —v,| < 107!! and lu, — v, < 10~!, which together
with the inequality & > 10° yield

luy Augl=llvy + @y —v,)] A vy + @y —v)ll
<oy Avyl + vyl - lugy — vyl
+ vyl - luy =gl + luy — vyl - luy, —v,l
<o, A vyl +3-107 1,
To obtain our conclusion it therefore suffices to show that
(10) v, Avyl < (1 +107"Hr  for every v,, v, € (CU D) - (CU D).

To establish (10) we first let p,(v,) = q; and p,(v,) = b, fori =1, 2, 3,
and note that

(11) fvy A vyl =[(a,by —a,5,)* + (2,55 — a35,)* + (2,05 — a3b,)*]%.

We then divide the proof of (10) into five cases.
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Casel. vy €C-C Lete; =(1,(0,0)),e, = (0, (1,0)). We observe
that definitions of M(k), C imply

(12) I(a,/h)ey +a,e51 <1,
which in turn yields
13) la,| < (1-a2)%h.

We then divide Case I into three subcases.
Case 1.A. v, € C— C. Noting that |(b,/h)e; + bye,| <1 and combining
this with the relations (11), a; = b5 = 0 and (12), we obtain

vy A vyl =la,by —a,b,|
= |[(ay/h)e; + aye,] A [(by/h)e, + bye,llh <h.
Case 1.B. v, €D —D. We deduce from the relations (11), b, = a3 =0,
byl <h, (13), b3l < .1, la,| < 1 and h > 10° that
by Avyl =[(a;5,)* + (@,b3)* + (a,b,)*1%
<[a3h* + 01(1 - ad)n? + 01]%
<A+ 0% <1 +1071Hn,

Case 1.C. v, €C—D. Choose x €C, y € D satisfying v, =x —y. Then
from the definitions of M(h), C we obtain [p,(x)| < .5(1 - 4b§)%h, which implies
that |[p,(x)/h]e, + b,e,| <.5. Furthermore |p,(»)| < .5h. The last two in-
equalities together with the identity b, = p,(x) — p,(¥) and (12) yield

a p,(¥) —p, ()

e p;(x) lp, )l
< (Ih—l e, + a2e2l . l—l—h— e, + b2e2| + la,l - —-lh— h

h

< (5 + Slayyn

which we then combine with the relations (11), a3 = 0, (13), b1 < .1, la,| <1
and & = 10° to conclude that

oy A vyl =[(@,by —ab,)? + (,03)% + (a,b5)*]%
<[(S5 + Slay)?A% + .01(1 - 2)k® + 01]%
= [(:26 + .Sla,| + 24a3)h* + 01]%
<@+ 012 <(1+10" 1,

Case 11. v,,v, €C— D and a, > 4. We infer from the definitions of
M), C, D, that
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la,1 < .5(1 — 4a2)%h + .5h < .8h,
and then apply this together with the inequalities (11), [b,| < .5, la,] < .5,
byl <h, byl < .1, lag] < .1 and h > 10° to obtain

o, A vyl < (:8424h% + 01)% <h.

Case 11I. v;,v, € C—D and |a,| < 4. Using the inequalities (11), la,| <
h byl < .5, la,1 < 4, 1b,| <h, Ibgl <.1, lazl < .1 and h > 10%, we find that

o, A vyl < (85h% + .0081)% < h.
Case IV. vy €C—Dand v, €D —D. We combine the relations (11),
by, =0, la,| <.5, by <h, la;| <h, |by] < .1, la;] < .1 and h > 10° to obtain
o, A v, < (29h% + .0025)% < h.
Case V. v;,v, €D - D. The relations (11),a, = b, =0, la;| <h, |b3l <
Jd, lazl < .1 and |by| < h yield lv; A vy| < .2h.
44. LEMMA. 0 < T%(E) < oo,

ProOF. Since F; is a covering of A by sets of diameter less than 2 - 1024

for each nonnegative integer j, and Zgc Fitl(S) < 2, it follows that T1(4) < 2.
Our conclusion is then obtained by combining this last inequality with Theorem
3.2, [6,2.10.45] and the fact that the ratios are between T™ and H™ are bounded
[6, 2.10.6].

45. THEOREM. T2(F)<1-10719,
PrROOF. Choose § > 0 such that

@14) T2E)< Y t3(S)+ 1071
Sew

for every countable covering W of T2 almost all of £ consisting of nonempty
subsets of diameter less than §. Let

Q= {{x:a<x<b} xT:0<a<b<,

Te U F;, 10°diamr (T) <b -a<8/2}.

e

i

For S € Q let ¢(S) denote the center of S and then define

di S
tll(S) = {[dxam Pz(s)]x + C(S): d GM%}.

We then choose a sequence Y, Y,, Y,, . .. inductively as follows: we let
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Y, =g and obtain Y, from Y, ..., Y, _, by taking Y, to be a finite dis-
jointed subfamily of £ such that

n—-1
(.UY,.) NE= [E~ u u ll/(S)] ~prt{1}.
i=0 SEY;

Let Z = U,Y;. Clearly {{/(S): S €Z} is a countable disjointed family con-
sisting of nonempty subsets of E of diameter less than §. Furthermore, we observe
that there exists a number p such that 0 < p <1 and T?[Y(S)]YT*(SNE)=p
for all § € Q, from which it follows that

T’[S egn .p(S)] =»pT2[(UYn) nE]

=pT’[E~"(Jl U w(S)]

i=0 SeY;
for each positive integer n; this in turn implies that
i .
=Y 9| =1 - -7
n=1 SEY,

for all positive integers j. Therefore {Y(S): S € Z} covers T2 almost all of E
and we may then apply (14) with W = {{(5): S € Z} to obtain

1% T2(EB) < X 2[y()] + 10711,
Sez

Next we deduce from the definition of ¥ and Lemmas 4.2, 4.3 that for all
SEZ,
£2[¥(S)) 12 [M([diam p,(S)]/ [diam p,(S)])]

T*¥(S)] T [M([diam p, (S)]/[diam p,(S)])]

< 1+4.10"11 <1—1.5~1o-1°
(1+2-100197%@E) ~ T*(E)

Consequently
2
sgzt’[yg(sn <(1-15.10"19) S‘e‘jz T—g(%nq (1-15.10"19),

which we then combine with (15) to complete the proof.
5. Final results.
5.1. THEOREM. T2(E) < T!(4).

Proor. Combine Theorems 3.2, 4.5.
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52. COROLLARY. C%(E) < C!(A4).
PrOOF. (% < T2 by [6, 2.10.34], while clearly T! = C!. Therefore

CE) S TXE)< T'@) = C'(4).
53. COROLLARY. T2(E) < H3(E).

ProOOF. Clearly T! = #!, while H*(S) < H2([0, 1] x S) for all § C R?
by [5, 3.6]. Therefore

TX(E) < T (@A) = ti'(4) < H2(E).
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